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Abstract, We show that the projection operator |pg; ye'®) (ye'?; pg), where |pg; y¢'*} is a
squeezed state, obeys a partial differential equation in which the squeeze parameter y plays
the role of time. It fallows that related functions, such as the probability distribution functions
and the Wigner function are solutions of this equation. This equation will be called a pseudo-
diffusion equation, because it resembles a diffusion equation in Minkowski space. We give
general solutions of the pseudo-diffusion equation, first by the method of separation of variables
and then by the Fourier transform methed, and discuss the limitations of the latter method. The
Fourier method is used to introduce squeezing into the number states, the thermal light and the
Wigner function.

1. Introduction

In quantum optics and, more specifically, in the formalism of coherent states [1,2], the
density operator (either for a pure or mixed state} can be mapped onto two distinct phase-
space distribution functions: (a) the P-function or covariant form

P(p,q)={pq | # | pq} = Te(P|pa){pal) ¥
where |pq) are the coherent states, The function P(p, ¢) is non-negative, so that it can be
interpreted as a probability density in phase space. (b) The P°-function or contravariant
form, defined by the operator equality

dpd
5= [ L ip)Po (. a)ipal @

can assume negative values. Throughout this paper we shall consider # = 1 and, the
variables and operators turned dimensionless. The terms covariant and contravariant,
which we use, were coined by Berezin [3]. These function are also known under another
nomenclature: the covariant function is the Husimi function [4] or @-distribution, whereas
the contravariant form is also called the P-distribution [S]. The Wigner function W (p, g) [6]
is related to the above two distributions as follows:

dp’ dg’
o0 = [ L opi-lg =P + - pYIPC0) O

_ dpr dq, "2 N2 ot 4
P(p.q)= - exp{=llg - gy + (- YW, 40, @)
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The multiplication by a Gaussian function followed by an integration leads to a smoothing of
the integrand. Therefore, equations (3) and (4) display a sequential smoothing, P°(p, g) —
W{(p,q) = P(p,q). Due to this smoothing process, the covariant P-function is always
non-negative even if the corresponding contravariant P°-funtion and the Wigner W-function
assume negative values. The main physical differences between these three functions are:
the position and linear momentum variables in the Wigner function are the eigenvalues
of the position and momentum operators, so, a phase-space point in that function is well
defined, as in a classical phase-space function; in the P-function a phase-space point is the
average value of the phase space points, weighted with a Gaussian function, that lie inside a
fundamental cel] of area fi; whereas a phase-space point in the P°-function is averaged over
the fundamental cell with an anti-Gaussian (positive argument) weight function. This last
function is highly singular and it does not exist as a regular function for pure states, it leads
to ultradistributions; however, it may exist as a regular function for mixed states, although
being, as a distribution, narrower than its other two partners [7, 8]. Consequently, although
these three functions have the same information content of a given quantum state, only the
Q-distribution, or P-function, can be interpreted as a true probability distribution function
(PDF). As such, it can be used to calculate a classical entropy, as defined by Wehtl [9]:

dp d
S=‘[%P(p,q)1nf’(p,q)- )

Now, the squeezed states [6, 10] are quantum states for which the variance of one of the
two quadratures assumes a value below that obtained by using the coherent states (or the
vacuum), whereas the variance of the other quadrature takes a higher value, such that
the product of both variances never violates the Heisenberg uncertainty principle. Due to
this property, it was proposed that the squeezed states could be useful in the detection of
gravitational waves [11], whose intensity is lower than the noise of the electromagnetic
vacuum. The squeezed states were produced by several experimental groups [12]. So, it
becomes significant to study their properties more thoroughly [13] and to discover new
mathematical features for this important class of quantum states, this being the aim of the
present paper.

The above mappings, equations (1), (2} of g to P(p, g) can be extended to the squeezed
states, defined as

Ipa; &) =D(p, 9)S(E)0)  where {=ye¥? (—oo<y<od)  (6)
and [0} is the vacunm state, which is the ground state of the dimensionless harmonic

oscillator, with position and linear momentum written in units of (mw)'/? and (mw)~'72 (m
and @ are mass and angular frequency).
D(p, q) = exp[—i(gP — pQ)] )
is the displacement operator which generates the coherent states, and
. Q4P
S(r) = exp[4 (¢af? — £*a?)] (a = 7 ) &)

is the squeezing operator, where the squeeze parameter y vanishes in the coherent-state limit.
It is useful to note that the squeeze operator for general squeezing (boost plus rotation) is
related to those of pure boost Sy} and rotation R(g/2), as follows:

S(ye'?) = R(p/2)S(»)R (p/2) ©)

where

S(¥) =exp [—% (QP + PQ)] and R{p/2) = exp (wi-;ﬂa“a) . (10)
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The above relation follows by using the properties
Q: = Ri(p/QR(p/2) = cos(p/2)Q + sin(p/2)P
P; = Ri(p/2)PR(p/2) = —sin(p/2)Q + cos(p/2)P.

Replacing |pg) by |pg; ¢) in (1} and (2) defines two functions P(p, q; ¢) and P°(p, ¢; £).
The Wehrl entropy S(¢) corresponding to the squeezed states | pg; ¢} can be generalized as
follows:

(11}

d
am--j'”gmpqnmeq;) (12)

Although the squeezed state projector operator {13) is a well-defined quantity, the derivation
of the PDF for an arbitrary density operator, as defined in (37), is not, in general, a simple
task. Therefore, we shall develop a formalism in order to view the squeezing process as
being similar to the time-evolution of a diffusive one: an ‘initial’ arbitrary unsqueezed PDF
is evolved by an integral equation, whose kernel is the squesezing propagator, cbtaining
so a y-squeezed PDF, which will continue a positive function, see equation (28). This
novel procedure is operationally simpler for handling PDFs, and especially marginal PDFs
(to be presented elsewhere), since it permits one to extract and to take advantage of the
symmetries of the kernel, and consequently of the pDFs. The essential point to note here is
that an arbitrary PDF P{p, g; ¥} cbeys a partial differential equation involving the variables
p, ¢ and y, whose formal solution permits one to obtain the integral equation.

So, the content of the paper is organized as follows. In section 2 we derive that
differential equation, equation (30), which is valid for any state §, pure or mixed. In
section 3 we discuss its solutions using the method of separation of variables. In section 4
we give the solution by the Fourier transform method, which yields the solutions in terms of
a kernel that depends on y. These solutions are not as general as those that can be obtained
by separation of variables. In subsection 4.1, we derive the kernel without rotation (p = 0)
and in subsection 4.2 we obtain the kernel, also for rotations. In subsection 4.2 we discuss
the symmetries of the kernel. In section 5 we apply the Fourier transform method to three
examples, Finally, in section 6 we give a summary.

2. The pseado-diffusion equation

2.1. The unrotated squeezed states

In this section we derive the partial differential equation (27) for the following elementary
projector:

(p,q; y) = [pa. yHy, pql = D(p, 9)S(»)I0)OIST(»)D¥(p, q) . (13)
Starting from the translation properties of the displacement operator D(p, g)
Q=Q-¢=D(p,9)QD'(p,0) (14)
P=P-p=D(p.)PD'(p,q) | (15)
one can prove the following relations [7]:
19 ev 3
11 s g = A a ——}1I s g
QII{p.g; y) ( 23p+23q) (p.g:y) (16)
PII( -)—(+ a+e-2ya)m ) 17
p:y)=\pt33 5 9 2 (17}
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T(p.q; Q= (g + 5 +——°2y—3)II( 30 (18
pa;y)Q=1g4g 255 T 7 5g 2:q;y )
ia e%¥3)
. = ——— ——— | (p, q;
H(p.q; y)P (p 27g + ap) (r.a: (19}

where the last two relations follow from the first two, by taking the adjoint. From these
relations we easily obtain the following commutator and anticommutator relations:

- 3
[Q.I(p,g;: ] =[Q.TI(p, ¢: )] = —iggl'I(p, ) (20)
~ : 3
[P, IX(p, g; »)] = [P, TI(p, ¢; )] = i—XL(p, g5 ») (21)
g
N 3
{Q.T(p, q: 0} =¥ —TI(p, g; ») (22)
g
~ 3
{P,Il(p,q; »)} =% 51'1(}9, g:y}. (23)

By differentiating the squeezed state | pg; y} with respect to y, from (6), (14) and (15) we
get

3 i
e (pg;y) = —ED(‘D’ P, Q}S(M10) |

= —2D(p. P, QD! (7, ) D(p. )SMIO) =~ Bllpg; »). @4

Using this relation and its adjoint, we get

3 i oo .

Il

- QP e e+ PR Ueg») @5

- l 2)’._?1 — —2ya_2 ]_'_[( . ) (26)
BEANGE T
where we first used the operator identity [{A, B}, C] = {A, [B, C]} + {B, [A, C]} and then
substituted equations (20)—(23) in (25) to derive (26).
We can cast (26) in a simpler form by a change of variables:

O(p, 4 2) T(p. g: 1) = [—a- -1 (3—2 - ia—z)]ncp GN=0 @7
i T T Laa 4\8p2 Nag? P
where 4 = e~%. We see that the linear differential operator © depends on the three variables
(p,q; ). (Note that the symbol © is similar to those used to denote other differential
operators, such as the D’ Alembertian, O, and the Laplacian, A).
This differential equation for the projector II enables us to derive the same differential
equation for distribution functions that depend Iineatly on II: The P-function for any

density operator g (pure or mixed) is given by

P(p,q;y)=Tc [ T(p.q: y)] . (28)
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Since the operator © can be pulled under the trace, the general PDF P(p, ¢; ¥) must obey
the same differential equation (27) as the projector IT; )

Q(p, g; A) P( -A_)-_-[i__l_ a_z_la_z)]p( A =0 (29)
P i) S G A=y T a\apE T Rage )| DT T
which in the y-variable is
BP(Pf q;y) _ 1 2y 32 a2y 82 .
5 32 (e PP P P(p,g; »). (30)

The partial differential equation (29) has been derived earlier by different methods [8]. It
was called the pseudo-diffusion equation, because (a) it resembles the diffusion equation in
two dimensions [14], where the parameter A plays the role of time, and (b) the coefficients
of 3%25 and dizg have opposite signs. Therefore, this equation describes a diffusive process in
the p variabie and an infusive one in the g variable for all A. In this way a thin distribution
along the p-axis gets continuously deformed into a thin distribution along the g-axis, as
A is increased from 0 to co. For A = 1 or y = 0, the distribution becomes symmetric in
the (g, p) directions, if the distribution belongs to a number state, |r){n|; in this case one
recovers the Poisson distribution of the Glauber coherent states representation, as given in
(74).

2.2. The rotated squeezed states

We now use (27) to derive a differential equation for the rotated projector I1(p, g; £), with
¢ # 0. The derivation is based on using equations (9) and (11} to rewrite |pg; ¢} as follows:

lpg; £} = D(p, ¢)R{p/2)S(y)|0) = Rlp/2)D(p:, g:)S(¥)|0) = Rigp/2)| pegr; ¥) (31)
where
gr = cos(p/2)g — sin(p/2) p and Pr =sin(p/2)q + cos(p/2}p . (32)
Using (31) and its conjugate, we get

I(p, g; £} := [pg; £ )(¢: pal = R(@/2) TL(py, grs y) RI(0/2). (33)

Since the differential operator ¢ commutes with the rotation operator R{p/2), we
immediately get the differential equation for II(p, g¢;¢), by using © with the rotated
variables (pr, 4¢):

e 4 M) THp, g; £) = R(p/2) [Q(pr, 55 1) T(pr, 4 )] RN (9/2) = 0. (34)

The rotated operator © is given by

8 18 1 8
oo = - A ]

a8rn 4| 8p? A?ag}
R Lo sin®£Y 52 ..o cos?EN a2
a4 [ (°°S 27T )i T\ T T Jag
. 1 8%
— 51N tp(l - 1‘5) m] (35)

where we have used

3 z . 3 3 2 2 2 - 2
(—) =(cos5?-~——+sin2—) =coszg3—+sin2£a—+sinqo 8 -
3p: i g q dpdq (36)

3)2 ( p 3 ,(,oa)2 K L0 9 L
— ) =lecos - — —sin—— ) =sin" —— +cos* —— —sing
(qu 23g . 29p p q
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Note that for ¢ = 0 we recover (29) from (35).

Using equation (34) and the property of the trace, Te(AB) = Tr(BA), we get the
following useful equality for the rotated PDF

P,(p.q; y. ¢) =Tt (Blpg; £){¢; pal) = Tt [AXL(pr, 453 ¥)] = P (P g:s ¥, 0) (37)

where
o (5) 4R (5).

Finally, since g; is independent of (p, g; 1), the above equality (37) yields a psendo-diffusion
equation for the rotated distribution P,{p, ¢; {):

Q(Pr, s 2 Polp. 43 Y6%) = Qpr, gr; A) Po(pra g ¥) = 0. (39)

It could be useful to have (39) written in terms of the y-variable:

8 cosh2y 82 92
(5 i |:(tanh2y —c0s QD)E + (tanh 2y + cos (p)@
32
—4 e P s 4q; =0. 4
451“‘Papaq]) (P, 43 8) (40)

3. Solution by separation of variables

The pseudo-diffusion equation (29) can be solved by the method of separation of variables,
by writing the solution as a product of two functions, P(p, g; A) = 6(p; A)¥(g; A), where
# depends only on p and A, and ¥ depends only on g and A. This gives

1
= —QP(p,gq; A
Pip.g; %) P.q: %)
1 d 1T 82 1 92
S Y@ (ﬁ T [a— ~23 2]) 8(p; VY (g )
1 (3 18 1 s 1
T 8(pi ) (a_x T 192 2) 9P A)Hm(méi“?iﬁ”é;‘i) ¥ig; ). (41)

Since the first term in (41) depends only on p and A, while the second term in (41) depends
only on g and A, we conclude that each of them must be equal to a function of A only, which
we denote by f(A). Therefore, any simultaneous solutions of the following two equations
will yield possible solutions of the pseudo-diffusion equation:

1 9%

(- F0- 333 ) 6 =0 @)

1 1 il 32
(———f( ) =T33 Z)Eb'(q, ﬁ(ﬁ_ F@ )—Z'é“*z‘)lb(q,l) (43)
where we used -2 = —5 a}__, In the next subsection we shall study the solutions of (42)
and (43) first for f(A) = 0 and then show that the solutions of these equations for f(A) #0
do not produce any new solutions of the pseudo-diffusion equation.
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3.1. Solutions for f{\) =

By setting f = 0 in equation (42), we obtain a one-dimensional diffusion equation in p,
where A/4 plays the role of time. Similarly, for f = 0, equation (43) yields a diffusion
equation in g, but with A~!/4 playing the role of time. Hence, to get all the factorizable
solutions of the psendo-diffusion equation, we need onJy know rhe solutions of the one-
dimensional diffusion equation:

J 32
(a - a—xz“) o5, 1) = 0. (a4)

These solutions are known in the literature [14]. Typical solutions of (44) are

k(s x, 1) = =T

G - ' r)= 1 (x ’)2]
glx,py =1 GF DS T=exp | ——p (45)

~ a n
®p(x, t) = Hy(1,-2t,x) = (x +2ra—x) 1

where the £ are called the ‘heat wave solutions’, G is the diffusion propagator and ®,(x, t)
are the heat polynomials [14]. The latter functions are special cases of the generalized
Hermite polynomials H, introduced in [15]. In particular, the time-independent solutions

gx,)=ax+b=ad +bdy where a, b = constant (46)

correspond to the first two heat polynomials, n = 0, 1. Clearly, products of the solutions
(45), such as

(G(p - pi 1) Gla— g 1) = —exp[ 27 p = P’V — Mg — ¢V
h(n; p, §0) B(E; g, 3271y = i gritemggT ‘
| ©n(p: 10 @nlg: 117H

D (p; 11) k(5 g, 317D

| {(ap +B)(cg +d) a, b, ¢, d = constant

P(p,g; ) =

(47)

are perfectly valid mathematical solutions of the pseudo-diffusion equation. However, in the
present paper we are mainly interested in solutions which can be interpreted as normalizable
PDFs. Therefore, we shall now look for solutions whose integral over the phase space can
be made equal to 1, i.e. we shall require P(p, g;1) € L'. To obtain such normalizable
PDFs, the above solutions (47) must be multiplied by smooth weight functions A(z, &) of #
and £, which decay rapidly enough at infinity. Examples will be encountered later, when
we discuss the Fourier transform method.

We shall see in subsection 5.3 that the first product in (47) is equal to the Wigner
function of the projector IL

3.2. Solutions for f{\) # 0
It is easy to check that the solutions of (42) for f(A) % 0 are given by

L
B(p; L) = 6p(p; A) ™ where F(A) = f1 dr" FiA) (48)
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and 8y(p; A), is the solution of (42) for f = Ot

= ) - —i (s r® =m0 (2 L8N g 5 49)
oL ax  a8pz) O
Similarly, we can show that the solutions of (43) are given by
¥(gi 2y = olgs 1) 7™ . (50)

with the same F()), as defined in (48). Thus, the products of 8(p; A} and yr(g: A) for
F(\) % 0 do not lead to anything new, since

8{p, AP (g, A} = Bo(p; A)rolg; A). (51)

4. Solution by Fourier transformation

The Fourier transform method is familiar to physicists, since it is used to calculate the
propagators of the wave equations and the Schrédinger equation. But the limitations of this
method are usually not emphasized in the physics literature. Applying this method in our
case allows us to demonstrate some of its limitations, which are often overlooked.

By taking the Fourier transform of the partial differential equation (29), we get an
ordinary differential equation in A alone:

8 1/ 3 1 oY% £00y
[al +t3 (n AZ& )] P(n,&2)=0 (52)
where P is the Fourier transform of P. It is easy to check that
P(n,§:2) = Aln. ) exp [-30Pr +82271)] (53)

is a solution of (52) for any function A(n, £). The general solution of (29) follows
immediately by taking the inverse Fourier transform

dndf .o ey
P(p,qi2) = f -E—fe“'”’ P, 1)

= [ dgjei(nﬂ—fq)e—%(nzlﬁzl“‘) Al ). (54)
T

We see that the solution (54) is simply a linear combination of the heat-wave solutions
given in (47), with an arbitrary weight function A(z, §). Therefore, the Fourier transform
method, which leads to normalized solutions (in the whole phase space) with Gaussian
measure, excludes solutions such as the heat polynomials or their superposition, that arise
in the method of separation of variables, but which can be normalized (not necessarily
in the whole phase space) by 1ntroducmg 4 convenient measure or by adequate boundary
conditions.

4.1, The kernel K

By calculating P at two values, A and g, of the squeezing parameter, we can eliminate
A(n, &), and obtain the following expression for the kernel X, which connects the Fourier
transforms P at two squeszing parameters:
POn £52)
T
P(m &)
= e— il G- o= F A=) = o H(P A (55)

K@, & A, pu) =
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where

(36)

>

A=A—U and 8

® =

Substituting (55) in (54), we obtain
dn d& | o~
Piain = [ Thewtoxa 0 wPasin. 67

Equation (57) tells us that given a distribution P(p, g; ) at a certain squeezing parameter (.,
we can calculate the corresponding distribution at another squeezing parameter A, provided
that the Fourier transform P(n, §; y) exists. In particular, by using £ = 1, we can calculate
the squeezed PDFs from their Glauber coherent state counterpart.

Note that in the exponent of (55) the coefficients of #* and £2 have opposite signs.
Therefore, the expression (55) defines a saddle-shaped surface in the three dimensional
space, (§&,#, K), which changes continuously with the variation of the parameter A
(0 < A <.00). At A =1 the saddle shape becomes a flat plane, defined by X = 1.

4.2, The kernel K for the rotated squeezed states

Since the differential equation for a general squeezing is the same as that for a pure boost,
but with ¢; and p, replacing g and p, for the kernel of a general squeezing we get:

K& M p.0) =K@, 5 4, 12,0)

= k(e A) - k(E; 8) = exp[ - (7 A + £79)] (58)
where A and § are defined in (56), and
n=cosgn—sinfé and §'=Sil’1£€7‘}+COS"§'a—§. (59
' 2 2 ) 2 2

Note that (7, £) in (59) transform exactly as (g, p) in (32), in order to keep the following
symplectic product invariant:

Mepr — Ecr =11p —§4. (60)

Substituting (59} in (38) yields
K8 b p,0) = exp[—3 [(A+ @ + D + (& =) [(n* — %) cos ¢ — 26 nsing] } |
(61)

which clearly reduces to (55) for ¢ = 0. The kernel (61) satisfies the symmetry

B & r @)= KE mhpm—~@) =K@ &2, 0 7 +¢). (62)
In particular, we get

K& rp 0)=KEmnA un) (63)

so that a rotation by ¢ = & is equivalent to the exchange of the momentum and position
variables, as expected from (59), where n, — —& and & — 7.
For p = 1 this kernel simplifies to

— 32 _ L=
K(n,é:l.u=l,¢)=exp[1 A {(u+cosqa)n2+(—1—cosqo)§'2

82 A+

—Zsinqogn}]. (64)
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As before, we can get the distribution after a general squeezing from that before the
squeezing, as follows:

dn d -
Py(p,q; 2, 0) =f ZNE expli(np — &K (n, &5 1, 1, 0 Pp(. &5 14, 9) . (65)

Using (37), we can also write this equation as
Po(p,q; A 9) = Pp(pr, 43 1, 0)

dn d _
= f g;rg explitnp; — §¢:) 1K, E: A, w0, VP, (0, 55 10, 0). (66)

Since R(p/2)|n) = expl—~ing/2]in), the density operators 5p which are diagonal in the |n)
representation, i.e. fp = 3, paln}{ni, will be invariant under rotations, so that (fp); = fp
are independent of the angle ¢. Therefore, we have

Ppp(pv qa A‘! ¢) = P(pp);(pﬁ ql'; )": O) = Ppp(.ph ql'! A‘? 0) (67)

which means that for such diagonal density operators the effect of general squeezing is
obtained by first boosting by y and then rotating the contours of resultant distribution by
an angle p/2.

4.3. Factorization and symmetry properties of the kernel K

We note that the kernel X is factorizable, as follows:
1
K(n & A, 1) =k(m A — )k (e: 11— —;) where k(x; A) 1= e~i¥'8 (69)

and that K does not depend on the difference A — p alone, since % -
depend solely on A — .
From (68) we see that the kernel satisfies the following symmetry property:
K, &0, wy=KE nr"u™h. (69)
This symmetry of X allows us to prove the following statement.

1 p—h
# o does not

Statement. If a coherent-state distribution is symmedfric in p and ¢

P(p,g:1}=Pg,p; ) (70}
then the corresponding squeezed distribution will satisfy the following symmetry for all A:
P(p,q;}) =P(g, p; 1 71). (71)

To prove (71), we first note that (70) implies F(q, E D= }3’(5, n; 1) and therefore
P50 =K &0 DPE D) =KEm A, DPE 1)
=P 2. (72)

The Fourier transform of (72) finally leads to (71).
As a corollary to the above result, we get the useful result

P(p,g; h9) = P(pr. g A) = Plge, o A7) = Plg, p; 271, ) - (73)
5. Applications and examples

As illustrative examples of the application of the Fourier-transform solution (57), we
consider the following.
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5.1. The number states

The density operator for the pure states is 5, = [n} {#] in the cobherent-states representation
yields a Poisson distribution [1}:

1 pz +q2 n 2 + 2
Pi(p, q; 1)=|<n|pq;1>[2=;( ) exp| -2 n20. a4
Its Fourier transform is
5 P+ 4 n+§°
Pn. &)=L, ) exp | — 5 i| (75)

where L,(z) are the Laguerre polynomials. To obtain the squeezed distribution, we first
expand L,((n*+£2)/2) as a sum over the products of the associated Laguerre polynomials
Ly "*(z) [16);

-172 12 (& n* + &2
e PR CON ESC

k=0
Using (55) and (57) to squeeze the p-dependent factors, ¢ = 1, § = 0, we get

o

d?} : -~1/2 ?]‘2 2).+1
A = —aP I LI N N,
non= [ e i (2 LT

2 A—10F -1 2p* P
S I T e T —
A+1(A+1) k (1—;@)6"9[ A+1] an

where we used (A — [)/4 + — = (A + 1)}/4 to get the first line, and then we modified the
integral formula No 7.388.4 i m [16] to evaluate the integral. The squeezed PDF is therefore
given by

Pa(p, @i M) = 3 futlps M Filgi 271
k=0
_ 2012 70— 1N\ rg?® + p?
TS (k+1) EXP[— A+ 1 ]
- - 242
b4 Z( l)kLnlﬁz ( ) L 12 (m) . (78)

5.2, Squeezing of thermal light

The distribution of thermal photons is given [17] by

1 (2] E n
G = 79
b= (77) e 9)
where
— 1
n= exp (iw/kpgT) — 1 (80)
is the mean number of photons. The distribution function for this density matrix is
1 oo ﬁ R
Pu(p,q; 1) = Trlgall(p, g)]l = = e | P(p, 81
w(p, ¢; 1) = Trl6aII(p, g)] n+1n=0(n+1) (7.9 (8D
1 Pr+g? |
= - . 82
ﬁ+1°"P[ 2(ﬁ+1)] &2
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where the last line follows from the expression (74) for P,(pgq; 1). Equation (82) shows a
disentangiement between p and g, which can be attributed to the fact that thermalization
destroys the p—g correlation.

To calculate the PDF for squeezed thermal light, we first calculate the Fourier transform
of Pn(p,q;1) and then multiply it with the kernel. Thus, the Fourier transform of the
comresponding squeezed PDF is
Pu(n, §:2) = K(n, & 1, DPuln, & 1) =exp [~ 1 G+ 27+ D +£207 + 20+ 1] .

(83)
Hence, the squeezed PDF is given by

Pn(p,q: A) = 2 ex[ 7 } 2 ex” —q |
WA =T Tl P el Vi m+ 1l P T w1

= f(p, ) flg, x71). (84)

Note that the thermal distribution after a general squeezing, including rotation, follows from
the expression (84) by replacing p, g by p, gr:

Pu(p, g A @) = F(pe, M flge, A1) (85)

5.2.1. Increase of entropy due to squeezing. Each of the two factors in (84), f(p; 1) and
Flg: x71), is a distribution function by itself, i.e.

*® dp f‘” dp _2 . A+2A+1
—f(p; M) = ——eTE =] where (M) = ————— 86
[mv2ﬁf(p ) oo N 2T () 2 ( )

Therefore, the factorization (84) allows us to write the Wehrl entropy [9] of Sy as a sum
of two ‘sub-entropies’:

dp d
Sm(l)=—f 2 qu(p,q;k)Ian(p,q;l)

- rf(p,l)lnf(p,k) f A£G £ a7

-1
=s().)+s(A._I)=1+%ln|:(l+2n+1)(: +2n+1):| (87)
where
d 2
s(l)=-f \/—-f(x Mn flx;4) = féf(x:l) (%%-%lw)
—itlme=l+lim [&f“] , )

Therefore, Si(A) is an even function of y, so that unless it is equal to a constant, it must
have either a maximum or a minimum at y = O or A = 1. Physically it does not make sense
that the entropy has a maximum at the unsqueezed situation and therefore, we can conclude,
even without any explicit calculations, that Sy (A) must have a minimum in A = 1. Actual
calculations confirm our conclusions: using (88) we get

%85y 2H+1

—(=1= ——— > 0. 89
da? ¢ ) (27 + 22 (89)
This means that any squeezing must lead to an increase in the entropy of the thermal light.
The rate of increase of entropy with A (for A close to 1) decreases as the temperature
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increases: For T — 00 we have 77 — ©0, so that the rate of increase (89} goes to zero at

infinite temperature.
It is interesting to note that

Se() > Se() = 1+In[l+7] > 1 . ©0)

in accordance with the inequality for general Wehrl entropy, which was postulated by
Wehr [9] and proved by Lieb [18].

We note that also the entropies of the PDF P,(p, ¢; A) have a minimum at A = I, as we
showed in [8]. )

5.3. Squeezing of the Wigner function
The Wigner function of the squeezed projector I (p, g; ¢) is well known. It is given by [6]:

Wilp —k, g —x: £) Ef (x — alT(p, g3 )] + ) 2% da
= Zexp[-47(p — 0 ~ Mg — )] ©1)

Nevertheless it is illuminating to derive this expression from the unsqueezed Wigner
function by using Fourier transform method, particularly since our derivation will illustrate
the use of the rofated kernel.

First we note that the above Wigner function satisfies our pseudo-diffusion equation (39).
This can be easily seen by explicit differentiation of the expression (91). However, a more
interesting proof follows by applying the differential operator © on I inside the integral
and using 34):

Cpr, g MYWnlp — k. g — %1 0)
o0
= | (a5 WP, g D)x +a) e da =0. ©2)
—00
To apply the Fourier transform method, we start with the Wigner function for the unsqueezed
projector

exp [— 5 — éz] ©3)

1 1
Winip—k,g—x;1) = ;exp[—(p—k)z—(q-—x)z] =

which has the following Fourier transform:

- dpddg - - -
Wun. &1 = f P expl—itn$ — £4)IWn(p, 4; 1)
1 ”+E] 1 g+ &2
= 5o~ ]‘EE‘“"‘P['T] &9

where we used the invariance of the scalar product n2 + &2 = ?7? + &2 under rotation.
The later substitution was done in order to simplify the product of the rotated kernel (58)
with W:

2 —1g2
_M] . (95)

~ i
K(’)r: ls'r; A‘s 17 O)Wn(nv “;"; I) = E;r- ex‘p[ 4 ]
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Finally, we obtain the squeezed Wigner function (91) by calculating the inverse Fourier
transform of (95), using a change of variables, as follows:

. oa o1 [dndg ln?ﬂ“éﬁ]
WH(P, qy ;) - 27:_[ T 4

1 d - An? +a-1g2
= _f 7?2rn i exp[l(n,p, Ecdr)] exp ["m—4‘j1;]

expli(np —£g)]exp [—

1 ~ - 1
= —exp[-A7 5 = 03] = —exp[-A7' @ = B} — Mg — )] (96)

where we substituted the equality of the symplectic products (60) and used dn.dE; = dndE,
since the Jacobian of the rotation is 1.

6. Summary

By using commutation and anticommutation relations, we derived partial differential
equations for the elementary projector II(p, g; ye'*), for ¢ = 0 and for the rotated states,
¢ s 0. The PDF P(p, ¢; A, ¢) obeys the same differential equations. We called equation (29)
a pseudo-diffusion equation, because it resembles a diffusion equation in ‘“Minkowski space’,
as we argued in subsection 2.1. This equation is interesting mathematically in its own right,
regardless of its application to squeezing.

We solved the pseudo-diffusion equation by two different methods, separation of
variables and Fourier transform. The_ first method is more general, but the second one
enables us to calculate a squeezed distribution from a given unsqueezed one. This is done
by first calculating the Fourier transform P of the unsqueezed PDF and then calculating the
inverse Fourier transform of the product X P, of the kernel X (55) with P. We iliustrated
this procedure by three examples: we calculated the squeezed PDF of number states, thermal
light and the Wigner function. Along the way we discussed some properties of relevant
physical quantities, such as the Wehrl entropy {9, 8].
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